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Abstract : For the Tornheim double zeta function T(s1,s2,s3) of complex variables, 
 we obtain its functional equations , which are new .Using the calculus of ),(  s
sr
r


 as a 
function of α( developed in author[7] ) as the tool, we obtain with ease an expression for 
T(s,s,s) for any complex  s ;  and evaluate  T(n,n,n) for any  
integer 1n   ; and also evaluate ),0,( 21 nnT  for integers 1, 21 nn  with 21 nn   odd .  
We obtain for Tornheim zeta function , the counterparts  of Euler’s formula for  
)2( n and its analogue for )12( n , where )(s  is Riemann zeta function . 
Keywords : Tornheim /  Riemann/ Hurwitz/Lerch/multiple zeta functions , 
Bernoulli polynomials / numbers . 
 
  
 
 
 FUNCTIONAL EQUATIONS OF TORNHEIM ZETA FUNCTION 
AND THE α-CALCULUS OF ),(  s
s r
r


. 
 
V.V.RANE  
A-3/203, ANAND NAGAR , 
DAHISAR ,MUMBAI-400 068, 
INDIA 
v_v_rane@yahoo.co.in  
                     For complex ...,.........2,1,0  and for the complex variable s, let  
),(  s be the Hurwitz zeta function defined by 


0
)(),(
n
sns   for Re s>1 ; and its 
analytic continuation . Let )()1,( ss   , the Riemann zeta function . For an  
integer 0r , let ),()(  sr ),(  s
sr
r


. For the complex variables 321 ,, sss  , let Tornheim’s  
double zeta function ),,( 321 sssT  be defined by  
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  for  Re ),( 32 ss  Re 1)( 13  ss  and  
Re 2)( 321  sss ; and its analytic continuation . Then it is known that the  
function  T(s1,s2,s3) can be continued as a meromorphic function to  the  
3-dimensional complex  field  C3 . 
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                    For an integer 1r , we define  the multiple zeta function by  
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for Re( rsss r  )............21   and its analytic continuation . 
                    We make following observations 
1) ),,( 321 sssT = ),,( 312 sssT  
2) )()()0,,( 2121 ssssT    
3) ),(),0,( 21221 ssssT   
4)  )()()(),(),( 2121122212 ssssssss    
 so that )()()(),0,(),0,( 21211221 ssssssTssT    
5) ),,()1,,1()1,1,( 321321321 sssTsssTsssT  .  
                    For an integer 0r , we shall write ),(),()(  s
s
s
r
r
r


 . In what follows )(s
shall stand for Euler’s gamma function . We define Bernoulli  
polynomial )(nB (of degree n) in variable α , by 
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 for 2z  . 
Note that 1)(0 B . We write )0(nn BB  . Then sBn '  are called Bernoulli numbers ,  
which are rational numbers . We also note that 
1
)(
),( 1

 
n
B
n n

  for integral 0n  . We 
also have )()1()1(  n
n
n BB  .  
                    Using the theory of ),()(  sr  as an analytic function of the complex  
variable α in author *5],[6] ,we have developed  the calculus and analysis of  
),()(  sr as a function of α in author *7] .Using the calculus of ),()(  sr as a  
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function of α  (of author *7]) , and the calculus as developed in the present  
paper , we obtain  functional equations of the Tornheim double zeta function  
),,( 321 sssT  , which are  the counterparts of the functional equation of Riemann’s  
zeta function, which are new . Using our version of Hurwitz’s  formula for  ),(  s  ,  
we have developed  functional equations of ),,( 321 sssT  . Actually , our method  
is capable of giving  functional equations of the r-fold Tornheim zeta function .For  
complex .......,.........2,1,0   and for real λ  with 0<λ 1 , define  Lerch’s zeta  
function ),,( s  by s
n
ni nes 

 )(),,(
0
2    for Re s>1 ; and its analytic continuation .If 
we use in the place( of our version) of Hurwitz’s  formula for   
),(  s  , the fact that for Re s<1 , 0<λ<1and 0<α<1 ,   
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,  
 we get  functional equations for Tornheim –Lerch’s double zeta function .  
                    Our results have been obtained in terms of integrals of the type 

1
0
3
)(
21 ),(),(),(  dsss
r  , where ,,, 321 sss  are complex variables and 0r  is an integer 
.Espinosa and Moll [1] have also provided an explicit formula for T(s1,s2,s3)  
for real s1,s2,s3  in terms of the integrals 
 
1
0
3211 ,),1(),1()1,1(  dsssI ,),1()1,1(),1(
1
0
3212    dsssI   
 
1
0
3213 )1,1(),1(),1(  dsssI  and  
1
0
3214 .),1(),1(),1(  dsssI
 
Note that as the functions of complex variables  s1,s2,s3, I1,I2,I3,I4 are analytic  
 
4 
functions of s1,s2,s3 for Re s1>1, Re s2>1, Re s3>1  respectively,  in view of the  
remark following Lemma 2 below . 
 
                    We note that for complex numbers ,,, 321 sss  
1)   
1
0
1
0
321321 )1,1()1,1()1,1(),1(),1(),1(  dsssdsss  
2)   
1
0
1
0
321321 )1,1(),1(),1(),1()1,1()1,1(  dsssdsss  
3) If 11 m  is an integer and 32 ,ss  complex , then 
 dssB
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4)  For integers 1,, 321 mmm ,  
1
0
321 ),1(),1(),1(  dmmm  is a rational number , 
which equals zero ,  if N= 321 mmm   is odd . (See Lemma 6 below.) 
5) If 1, 21 mm  are integers and  s  is  complex and 0r   an integer, then  
  
1
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21 ),1()1,1()1,1()1,1(),1(),1(  dsmmdsmm
rr   
 
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 

1
0
)(
21 ),1(),1(),1()1(
21  dsmm rmm .  
                     We have  indicated in author [7] that if 1, 21 mm  are integers and 
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 Re s<1 , then  dsmm r ),(),1(),1( )(
1
0
21    is explicitly computable as a linear 
combination of  )...).........2(),1( )()()( Nsss      for r 0  with  
coefficients dependent on s, where N=degree of the polynomial  
)()(
1
),1(),1(
21
21
21  mm BB
mm
mm    . Thus  we see that 
 
1
0
321 ),1('),1(),1(  dnnn  is a linear combination  of 
)('.....,),........2('),1('),(' 321333 nnnnnn    with rational coefficients .  
Consequently , we find that ),,()1(),,()1(),,()1( 213132321
213 nnnTnnnTnnnT
nnn   
 is a rational multiple of N   for 321 nnnN   even  ; and 
),,()1(),,()1(),,()1( 213
1
132
1
321
213 nnnTnnnTnnnT
nnn   equals 1N  multiplied by  
a linear combination of )('.....,),........2('),1('),(' 321333 nnnnnn    with  
rational coefficients , for 321 nnnN   odd . These two facts about Tornheim  
double zeta function are the counterparts of the two facts about Riemann zeta  
function namely , )1(
)!1(
2)1(
)(
12
N
N
N
NN
N







  for 2N  even ; 
and  )1('
)!1(
2)1(
)(
12
1
N
N
N
NN
N








  for 3N  odd . (See author [5]).   
Note that Euler’s formula for )(N for 2N  even , is actually the functional  
equation for )(s  at positive even integer argument .  
The above equation for )(N for 3N  odd ( of author [5])  is actually the  
counterpart  at odd positive integer argument ,  of Euler’s formula for )(s  (at  
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even positive integer argument ). 
                    Next we state our Theorem . 
Theorem : Let 321 ,, sss  be complex numbers and let 321 sssN  .  
Then we have  
I)  
1
0
321 ),1(),1(),1(  dsss  

)()()()2(2 321
)( 321 sss
sss  






 ),,()2(
2
cos),,()2(
2
cos),,()2(
2
cos 213213213213 sssTsNsssTsNsssTsN

 
II)   )()()()2(2)1,1(),1(),1( 321
)(
1
0
321
321 sssdsss
sss   






 ),,()2(
2
cos),,()2(
2
cos),,(
2
cos 21311322321 sssTsNsssTsNsssTN

 
Remark : 1) Note that in general , there are two more functional equations  
corresponding to the integrals   
,),1(),1()1,1(
1
0
3211    dsssI  
1
0
3212 .),1()1,1(),1(  dsssI
Corollary 1: Let 1, 21 nn  be integers and s complex . Let snnN  21 .  
Then we have  
a)   )()()()2(2),1(),1(),1( 21
1
0
21 snndsnn
N  










),,(
2
cos)1(),,(
2
cos)1(),,()2(
2
cos 211221
21 nnsT
N
nsnT
N
snnTsN
nn 
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b) 
 Nsnndsnn N
2
cos)()()()2(2)1,1(),1(),1(
1
0
2121

  
 ),,()1(),,()1(),,( 211221 12 nnsTnsnTsnnT nn   
Remark : The above two equations  of Corollary 1  are actually identical in view of  
the fact that  
1
0
21 )1,1(),1(),1(  dsnn   
 

1
0
21 .),1(),1(),1()1(
21  dsnnnn  
                     Corollary 1 b) is our version for the functional relation given by 
 Tsumura [8] in the form  
),,(),,()1(),,()1(),,( 210211221
12 snnNnnsTnsnTsnnT
nn  , where ),,( 210 snnN  has a  
complicated explicit expression . Nakamura [2] has given a simpler alternative   
expression for ),,( 210 snnN and a simpler proof of  Tsumura’s functional relation .  
Here it is to be emphasized that  
1
0
21 )1,1(),1(),1(  dsnn  is explicitly 
computable as a linear combination of )(....,),........1(),( Msss    (with  
coefficients dependent upon s ), where M= degree of the polynomial  
),1(),1( 21  nn   . 
Corollary 2 :  Let 1,, 321 nnn  be integers and let 321 nnnN   . Then we have 


1
0
321321
2
cos)()()()2(2),1(),1(),1(
N
nnndnnn N

  
 ),,()1(),,()1(),,()1( 213132321 213 nnnTnnnTnnnT nnn   
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Note : If 321 nnnN   is odd, then either side of the equation equals zero . 
                    From the statement of our Theorem , it is clear that we have four  
equations in three unknowns  ),,( 3211 sssTT  , ),,( 1322 sssTT   and  
),,( 2133 sssTT  .   
Writing i
sss
ii I
sss
sssdd
)()()(2
)2(
),,(
321
321
321



 for ,4,3,2,1i                     
we  have  four equations of the type  
a1T1+b1T2+c1T3=d1 ; a2T1+b2T2+c2T3=d2 ;a3T1+b3T2+c3T3=d3  ; a4T1+b4T2+c4T3=d4,  
where ai=ai(s1,s2,s3) , bi=bi(s1,s2,s3) ,ci=ci(s1,s2,s3) are  known smooth functions  
of s1,s2,s3 for  i=1,2,3 ,4 and di=di(s1,s2,s3) for i=1,2,3,4 are smooth functions of    
s1,s2,s3 . Solving any three equations in three unknowns T1,T2,T3, we get the values of T1,T2,T3, 
for general complex numbers  s1,s2,s3 . When s1=n1>1 is an integer and s2,s3 are complex , we 
are left with only two equations in view of the observations made above in respect of integrals 
with respect to α . However when n1,n2. ≥1 are integers and  s  complex , all the four equations 
are identical , giving a single equation  a’T(n1,n2,s)+b’T(n2,s,n1)+c’T(s,n1,n2)=e’, where a’,b’,c’,e’ 
are  known smooth functions  of  n1,n2,s . In particular ,  when n1,n2,n3  are non-negative 
integers , all  the four equations coincide to give a single equation of the form 
 a T(n1,n2,n3)+b T(n2,n3,n1)+c T(n3,n1,n2)=dπ
N  , 
where a,b,c,d are rational numbers  and N=n1+n2+n3.   
However , if N=n1+n2+n3  is odd , this equation is degenerate   giving no  
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information . However when N is odd , using L’Hospital’s rule , we get a different  
equation of the form a’ T(n1,n2,n3)+b’ T(n2,n3,n1)+c’ T(n3,n1,n2)=d’π
N-1, where  
a’,b’,c’ are rational numbers and d’ is a linear combination of  
)('....,),........2('),1('),(' 123333 nnnnnn    
  
with rational coefficients . 
                    Huard , Williams and Zhang [4] have shown that  
),0,(),0,(),,(
1
1
1
1
iNiTiNiTcbaT
b
i
iba
ib
a
i
iba
ia
















 





 
where  a,b≥1 and c≥0 are integers and N=a+b+c . In view of this , to evaluate  
T(n1,n2,n3) for positive integers n1,n2,n3, it is enough to evaluate T(n1,0,n2),  
where  n1,n2  are positive integers . However,when one of the complex numbers  
s1,s2,s3 , say s3=0 so that N=s1+s2+0=s1+s2 , each of the four equations 
 aiT1+biT2+ciT3=di for i=1,2,3,4 , takes the form  
a(T(s1,0,s2)+T(s2,0,s1))+bT(s1,s2,0)=c ,  where a,b,c are some functions of complex  
variables  s1,s2,s3 . (See Proposition 4 below .) That is,  
 
  .)()()()()( 212121 cssbssssa  
 
Thus we get no information about the value of T(s1,0,s2) . However when s1=n1  
and  s2=n2 are natural numbers , s3=0 and N=n1+n2+0 is odd , on using L’Hospital’s  
rule , we get an equation of the type T(n1,0,n2)- T(n2,0,n1)=f  for some complex  
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number  f . This fact along with the equation  
T(n1,0,n2)+ T(n2,0,n1)=ζ(n1)ζ(n2)-ζ(n1+n2)  
enables one to evaluate T(n1,0,n2) , when N=n1+n2  is odd . 
                    Next , we state a few lemmas . 
Lemma 1 : I) For Re s<0 , ζ(r)(s,α) is a continuous function of the complex variable  
α and we have ζ(r)(s,0)=ζ(r)(s)= ζ(r)(s,1) for r>0  .  
2) We have for Re s<1 , 0),(
1
0
)(   ds
r
 
Note : For the proof , see Author [7] . 
Lemma 2 : 
1
0
21 ),(),(  dss  is an analytic function  
I) of s1 in the region Re s1<0 . 
II) of s2 in the region Re s2<0 . 
III) 
1
0
21 ),(),(  dss  is a differentiable function of s1 for s1<0 ; and is a differentiable 
function of s2 for s2<0 . 
Remark : A corresponding result holds in respect of .),(),(),( 32
1
0
1  dsss  
Proof : The result follows from the fact that ),(  s  is an analytic function of  s  for   
each α with 10   , in the region Re s<0 and ),(  s  is a continuous function of α 
on the unit interval , when Re s<0 . Also note that ),(  s  is a continuous function  
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of α on the unit interval [0,1] for real s<0 .
 
Lemma 3 : We have for complex numbers s1,s2, 
)2()(
2
cos)1()1()2(2),(),( 212121
1
0
2
21
21 ssssssdss
ss 
 


. 
 
)2()(
2
cos)1()1()2(2)1,(),( 212121
1
0
2
21
21 ssssssdss
ss 
 


 
Note : These results are known . The proof of this lemma is implicit in the proof of our Theorem 
.   
Lemma 4  : Let  r1,r2≥0 be integers . For Re s1,Re s2<0 (or for real s1,s2<0) , we have 
 dss
ss
ds
s
s
s
r
r
r
r
r
r
r
r
),(),(),(),(
1
0
21
21
2
2
1
1
0 1
2
2
1
1
2
2
1
1
 









 











  )2()(
2
cos)1()1()2(2 212121
2
21
21
2
2
1
1
ssssss
ss
ss
r
r
r
r



 
Lemma 5 : We have  
I) ),1(),( 




sss  
II)  

,1('),1(),(' 


ssss  
so  that  for  1s . 
1) 










s
s
s
1
),1(
),(



 














s
s
s
s
s
1
),1('
)1(
),1(
),(')2
2


  . 
Note : For the proof , see author [7] .  
 12 
Lemma 6 : We have for integers 1,, 321 nnn ,  
1
0
321 ),1(),1(),1(  dnnn
knjnin
n
i
n
j
n
k
n
k
n
j
n
i
BBB
kjinnn

  


























  321
1 2 3
321
0 0 0321 1
1
 
The integral =0 , if N=n1+n2+n3 is odd . 
Proof :  
1
0
321 ),1(),1(),1(  dnnn  dBBB
nnn
nnn )()()(
1
321
1
0321
   
















































  






3
3
32
2
21
1
1
00
1
0 0321
1 n
k
k
kn
n
k
n
j
j
jn
n
j
n
i
i
in
n
i
BBB
nnn
  
 dBBB
nnn
kji
knjnin
n
k
n
ji j k
n
i


 
























1
0321
321
321
1
knjnin
n
i
n
j k
n
k
n
j
n
i
BBB
kjinnn
n

  


























  321
1 2 3
321
0 0 0321 1
1
.
 
Note that  dBBB nnn )()()( 321
1
0
 =  dBBB nnn )1()1()1( 321
1
0

 
,0)()()()1(
321
321
1
0
 
  dBBB nnn
nnn   if 321 nnnN   is odd . 
 Lemma 7 : For integers 1,, 321 nnn , we have  
1
0
321 ),1('),1(),1(  dnnn  
Is explicitly  computable as a linear combination of   
)('....,),........2('),1('),(' 123333 nnnnnn   with rational  coefficients . 
Note : See author [7] for proof . 
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Lemma 8 : We have  
1
0
2 )2('),0('),0(  d .  
Proof :  We have   ),1('),1(
2
1
),0('),0(
21
0
1
0
2 

 





  d
d
d  
    

d




















 

2
1
2),1('),1(),1('),1(
2
1
1
0
1
0
2
 
   d 






1
0
),1('),1(
2
1
2
       ddd  
1
0
1
0
1
0
),1('),1(2),1('),1(2),1('),1(  
Next , 


 d
d
d
d 







   ),2('2
),2(
),1('2
1
0
1
0
 






d 























1
0
1
0
),2('
2
),2(
),2('
2
),2(
 
)2(')2('
2
)2(
),2('
2
),2(
)2('
2
)2(
1
0
























  





d . 
Next , 




 d
d
d
d
d
d
d ),2(
2
),2(
2),1(2
1
0
1
0
1
0





 
    
  0)2(0)2(),2(),2(),2(
1
0
1
0
1
0







   
  dd
d
d
 . 
Thus  
1
0
2 )2('),0('),0(  d . 
Lemma 9 : We have for Re s<1 and for 0<α<1 , 
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1
1
21
1
1 )2()1()2
2
sin()1(2),( 



   s
n
ins
n
ss inesnn
s
ss 

    
so that  1
1
2)( )2)(1(),( 




 s
n
r
r
inr ins
s
es    for 0r , 
 where the value of logarithm stands for its principal value . 
Note :  See author [5].  The above series for ),()(  sr  is its Fourier series on the interval [0,1] 
as a 
 function of α . 
Proposition 1) : I) We have for any complex  s ,  
),,(
2
cos)()2(6),1( 3
1
0
33 sssT
s
sds s 
   
so that   
 


dB
n
nnnT n
nn
)(
)!12(6
)2()1(
)2,2,2(
1
0
3
23
6


  
  and thus  T(2n,2n,2n)  is a rational multiple of n6    for any integer 1n . 
II) We have for any integer ,0n  
 


 1
0
2
3
26
),2('),2(
))!2((
)1()2(2
)12,12,12( 

dnn
n
nnnT
nn
 
Thus )12,12,12(  nnnT  is 26 n multiplied by a linear combination of  
)26('.........,),........32('),22('),12('  nnnn  with rational coefficients . 
In particular ,  
1
0
222 )3(2)2('8),0('),0()2(2)1,1,1(  dT  . 
Corollary : We have I) )2,2,2(
2
1
)12,2,12( nnnTnnnT    for 1n . 
II) )12,12,12(
2
1
)22,12,2(  nnnTnnnT for 0n .  
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In particular )3()1,1,1(
2
1
)2,1,0(  TT . 
Proof : I) From the statement of Theorem , we have on putting  s1=s2=s3=s ,
),,(
2
cos)()2(6),1( 3
1
0
33 sssT
s
sds s 
   
From this , we get the expression for )2,2,2( nnnT for integer 1n ,  as  above .  
II) For 12  ns  (for integer  0n ), the equation 
),,(
2
cos)()2(6),1( 3
1
0
33 sssT
s
sds s 
   gives either side =0 .  
Hence using L’Hospital’s rule, 
).12,12,12())!2(()2(6
2
cos
),1(
3)12(3
1
0
3
12
lim 


















nnnTn
s
ds
n
ns



 
Now 
)
2
sin
2
(
),1(
2
cos
),1(
lim
lim
lim
12
1
0
3
12
1
0
3
12
s
ds
s
s
ds
ns
ns
ns




































 
 
n
ns
nns
dssds
s
)1(
2
),1('),1(3
)1(
2
),1(
1
0
2
12
1
0
3
12
lim
lim




























 
 
1
0
2 ),2('),2()1(
6


dnnn .  
Thus 
 
.),2('),2(
)!2(
)1()2(2
)12,12,12(
1
0
2
3
26
 





dnn
n
nnnT
nn
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In particular  
1
0
222 )3(2)2('8),0('),0()2(2)1,1,1(  dT  on using Lemma 6 
.Proposition 2 : Let 1,, 321 nnn  be integers and let 321 nnnN   be odd . Then



 2
1
321
1
1
0
321 )1)(()()(2),1('),1(),1(
N
NN nnndnnn    
 ),,()1(),,()1(),,()1( 21311321321 213 nnnTnnnTnnnT nnn    
Proof : We have for integers 1, 21 nn  and for any complex s  and with N=n1+n2+s , 
 

)()()()2(2),1(),1(),1( 21
1
0
)(
21
21 snndsnn
snn  






 ),,(
2
cos)1(),,(
2
cos)1(),,()2(
2
cos 211221
21 nnsT
N
nsnTNsnnTsN
nn   
Consider 
),,(
2
cos)1(),,(
2
cos)1(),,()2(
2
cos
),1(),1(),1(
211221
1
0
21
21 nnsT
N
nsnTNsnnTsN
dsnn
nn 



 . 
)()()()2(2 21
)( 21 snn
snn    . 
As 3ns  ( where 13 n  is an integer) , 
 the right hand side (rhs) )()()()2(2 321
)( 321 nnn
nnn   . 
 Consider the the left hand side(lhs)  as 3ns  ,where 321 nnn   is odd . 
As 3ns  ,  the numerator of the lhs  
1
0
321 .0),1(),1(),1(  dnnn  
 As 3ns , the denominator of the lhs 
),,(
2
cos)1(),,(
2
cos)1(),,()2(
2
cos 2131323213
21 nnnT
N
nnnT
N
nnnTnN
nn 

 
 ),,()1(),,()1(),,()1(
2
cos 213132321
213 nnnTnnnTnnnT
N nnn 

=0 , 
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as N=n1+n2+n3 is odd . Thus the lhs is of the form 
0
0
 as 3ns  . 
 Using L’Hospital’s rule , we have the lhs 
 ),,(
2
cos)1(),,(
2
cos)1(),,()2(
2
cos
),1(),1(),1(
211221
1
0
21
21
3
3
lim
lim
nnsT
N
nsnT
N
snnTsN
s
dsnn
s
nn
ns
ns











 
The numerator of the lhs  ds
s
nn
ns
),1(),1(),1(lim
1
0
21
3



   
 
1
0
321 ),1('),1(),1(  dnnn . 
 The denominator of the lhs   
=
3
21 ),,(
2
cos)1(),,(
2
cos)1(),,()2(
2
cos 211221
ns
nn
nnsT
s
N
nsnT
s
N
snnT
s
sN
















 






 ),,()2(
2
sin),,()2(
2
sin),,,()2(
2
sin
2
213213213213 nnnTnNnnnTnNnnnTnN

 
,),,(
2
sin)1(),,(
2
sin)1(),,(
2
sin)1(
2
0 213
1
132
1
321
213






  nnnT
N
nnnT
N
nnnT
N nnn 
 
where N=n1+n2+n3 ,  which is odd .  
Thus the denominator of the lhs  
 ),,()1(),,()1(),,()1(
2
sin
2
213
1
132
1
321
213 nnnTnnnTnnnT
N nnn  
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1
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1
321
2
1
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N
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As 
denomiator
numerator
 of lhs=rhs , this gives 
2
1
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1
0
1
321 )1)(()()(2),1('),1(),1(

 
N
NN nnndnnn  . 
 ),,()1(),,()1(),,()1( 21311321321 213 nnnTnnnTnnnT nnn     
Proposition 3 : Let 1, 21 nn  be integers with N=n1+n2 odd . Then we have 
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
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

Proof : We have from the statement I) of Theorem , 
 for integers 1, 21 nn  and for real 0s  , and for snnN  21  ,  
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Note that   

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
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which is , of the type 
0
0
 .  
 By L’Hospital’s rule ,  we have this limit  
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The numerator  
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Proposition 4 : Let s1,s2 be complex numbers with Re s1,Re s>1 and let  
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N=s1+s2+0=s1+s2 . Then we have  
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  Proof :  From the statement I) of Theorem, with  N=s1+s2+s3 , we have  
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Consider for  Re s1, Re s2>1 and s3>0  
  

 dsssdssss ),(),1(),1(),1(),1(),1( 3
1
0
1
0
213321 


 
 
 
 
 
  

 dsss ),1(),1(),( 21
1
0
3 


 
 
 have  we,right   thefrom  valuesreal through 0  3 sLetting
  
  
1
0
3321
0
),1(),1(),1(lim
3
 dssss
s
 
  



1
0
213
0
),1(),1(),(lim
3


 dsss
s
 
 
  

  dssssss ),1(),1(),(|),(),1(),1( 21
1
0
3
1
0321 


 
                                                                                      23 
    
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This completes the proof of Proposition 4 .  
 
Next we give the proof of Theorem . 
Proof of Theorem : We shall show that for Re s1, Re s2, Re s3<1 , 
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This completes the proof of I) of Theorem . 
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 We can proceed as in the proof of I) and get the result as stated in II) of Theorem.  
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